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Abstract. — We will define a family of multigraded operads O x dependent on a scalar parameter A which 
is a deformation of the operad O . Forgetting the multi-graduation gives back the pre-Lie operad for A = 1 
and the NAP operad for A = 0. 
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In this paper, K is a field of characteristic zero. Operads are the correct framework to model many 
sorts of algebras, such as associative, commutative, Lie, Leibniz, dendriform and many others. The 
present paper will mainly focus on the two operads pre-Lie and NAP, governing pre-Lie algebras and 
non-associative permutative algebras respectively. 

The notion of operad (the terminology "Operad" is due to J. P. May) appeared in the seventies 
in algebraic topology (J. Stasheff, J. P. May, J. M. Boardman, R. M. Vogt) |16j . There has been 
since the nineties a renewed interest in this theory due to the discovery of the relationships with 
graph cohomology, Koszul duality, representation theory, combinatorics and quantum field theory [16] . 

This paper is organized as follows: the two first sections are devoted to introductory background 
on operads, with an emphasis in the second section on the species point of view [12] [3] . The third 
section is reminder of the pre-Lie and NAP operads introduced by F. Chapoton and M. Livernet in 
[3] and [13] , The fourth section is devoted to the introduction of the notion of multigraded operads. 
Roughly speaking, these objects are closely related to operads colored with positive integers, except 
that we also take the additive semi-group structure of N* into account. The prototype is EndopiV) 
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where V = © n>1 V n is a positively graded vector space. 

In the fifth section we return to rooted trees in the framework of multigraded operads, by giving 
a weight \v\ G N* for any vertex v. We show how to consider pre-Lie as a deformation of NAP by 
introducing a family O x of multigraded operads, where A is any scalar in the field K. Setting A = 
gives back the NAP operad and A = 1 gives back the pre-Lie operad when the multigraduation is 
forgotten. Finally in the last section we study the free C A -algebra with one generator and we show 
that O x is binary and quadratic, by obtaining it as a quotient of a free binary multigraded operad by 
an ideal of deformed NAP relations. 

Acknowledgements: I greatly thank Frederic Chapoton for very helpful discussions. I also thank 
my two advisors Dominique Manchon and Mohamed Selmi for constant help and support. 

2. Preliminaries and definitions 

An operad is a combinatorial device coined for coding "types of algebras". Hence, for example, a 
Lie algebra is an algebra over some operad denoted by LIE and the operad As governs associative 
algebras. An operad V [14], |10j (in the symmetric monoidal category of K vector space) is given 
by a collection of vector spaces P(n) n >o, a right action of the symmetric group S n on V(n), and a 
collection of compositions: 

Oj : V(n)®V(m) — > V(m + n — l), i = l,...,n 
(a, b) i — > a Oj b 

which a G V(n) and b G V(m) satisfies the following axioms: 
— The two associativity conditions: 



(1) (a Oj b) o i+j _x c = aoj (bo jC ), Mi G {l,...,n}, j G {l,...,m}, 

(2) (a Oj b) o m+ j_i c = (a Oj c) Oj b, V ij G {l,...,n}, i < j 

— The unit axiom: there exists an object 1 G V(l) where: 

(3) 1 o a = a 

(4) a Oil = a, V i G {1, ...,«}, a G V{n). 

— The equivariance axiom: for any a G S n ,r G S m , we have: 

(5) a.ao (T ( i) b.T = (ao i b).p(a,T), 



where p{cr,r) G S n+rn -\ is denned by letting r permute the set Ei = {i, i + 1, + m — 1} of 
cardinality m, and then by letting a permute the set {1, — l,Ei,i + m, ...,m + n — 1} of 
cardinality n. 

The global composition is defined by 7: 

7 : P(n)®?(l:i)®...®P(y — > V(k 1 + ... + k n ) 

(a;b 1 ,...,b n ) 1 — > (• • • ((a °n K) °n-i K-i) ■ ■ •) °i h- 
The partial composition Oj is defined by : 

(6) aoj6 = 7(a;l,...,l,6, l...,l) 

The operad V is augmented if V(0) = {0} and V(l) = K.l. 
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Example 1. — The operad Endop(V) where V is a K- vector space 

We work in the category of vector spaces over a field K , endowed with the usual tensor product, let 
V be a vector space. For any n > 1, we define V® n by induction: V® 1 = V and y® n + l = y (g> y® n . 
Let Endop(y)(n) = C(V^ n ,V) the space of linear maps from V® n to V. The right action of the 
symmetric group S n on Endop(V){n) is defined by the left action on V® n wich permutes the indices: 

(7) {f-(r){vi <8> • • • ® u n ) = /K-i(i) <8> • • • ® v a -i {n) ), V / G Endop{V){n). 

For any f G Endop(V)(n), g G Endop(V)(m) and for any i G {1, • • • ,n},we defined partial composi- 
tion, denoted by f g, as the morphism in Endop(V)(n + m — 1) defined by: 

(8) (/ °i g)(vi, ■ ■ ■ ,v n+m -i) = f(vi,--- ,Vi-i,g(vi, ■ ■ ■ ,v i+m -i),v i+m , ■ ■ ■ ,v m+n -i). 

The unit map is the identity Idy for the space V . The partial compositions just defined satisfy the 
axioms of an operad. 

Definition 1. — Let V and Q be two operads. An morphism of operads from V to Q is a sequence 
a = {a(n), n G N*} of K[^2 n ]-linear maps a(n) : V{n) — > Q(n) such that: 

1. a(l)(l) = l, 

2. Mn,m G N*, i G {1, . . . , n}, p G V(n), v G V(m), 

a(n + m — Oj u) = a(n)( / u) Oj a(m)(u). 

Definition 2. — Let V be a K-vector space and V an operad. The space V is a V-algebra or 
algebra on V, if there exists a morphism of operads a from V to the operad EndopiV). For any 
p G V(n), vi, . . . , v n G V, we use the simplified notation: 

(9) p(vt, ...,v n ) = a(n)(p)(vi ® . . . ® v n ). 

Let (V, a) and (W, b) be two V -algebras. Let <f> : (V, a) — > (W, b) be a linear map. <f> is called an 
morphism of V -algebras if for any p G V(n), V\, . . . , v n G V, 

(10) <t>{K v U ■ ■ ■ = v{(/>(vi), ■ ■ ■ ,4>(v n )) 
Definition 3. — The free "P-algebra on a vector space 

Let V be an operad and V be a vector space. We define the free V— algebra on V , denoted by J--p(V) 
by the following universal property: 

There exists i : V — > J--p(V) such that for any V— algebra A and for any linear map <p : V — > A, there 
exists a unique morphism of V— algebras (p : J--p(V) — > A such that the following diagram commutes: 

F V {V) A 



V 

Remark 1. — The free V— algebra on V is unique to up isomorphism. 
Proposition 2. — For any operad V and any vector space V , we have: 

(11) W)» ©P(»)®En 

neN* 
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Proof. — Let V be an operad and V be a vector space. Let A be a V— algebra and <p : V —¥ A a linear 
map. We set T = ® n>0 V{n) (gyj y® n . Firstly we prove that is J 7 is a V— algebra. For any n G N*, 
we define: 

a(n) : V(n) — > Hom(F® n ,F) 
fi i — ► a(n)(/i) 

where for any v x € P(fci), . . . , i/„ G V(k n ),vi G l/® fcl ,... , u„ G 



(12) a(n) (//)(!/! g Ul,. . . ,f n <g U n ) = • • • , ^n) <g ••• <g Wn)- 

a is an morphism of operads. Also, 

a(l)(l)(i/i ® ui) = 7(1, z/i) <g «i 
= ^1 Vl 

showing a(l)(l) = 1. Let n, m G N*, /x G V(n),^ G V(m),i G {1, . . . , n}, z/i G V{ki), . . . , ^ n+m _i G 
P(A; n+m _i), W i G F® fcl , . . . ,u n+m _i G 1. We have: 

a(n)(fj.) Oj a(m)(£) (1/1 ® ui, . . . ,z/ n+m _i (g i; n+m _i) 
= a(n)(n) (vi ® vi, . . . , Vi-i <g Vi-i,a(m)(g)(i/i <g v i} . . . u i+m _i), 

^j+m <g ^i+m, • • • ; ^n+m-1 ) 

= o(n)(//) (^1 ® ui,. . . ,2/j-i (8) Ui_i,7(^,fi, . . . ,z/ i+m _i) <g (vj ® . . . <g) « i+m _i), 

Vi+m ^i+m, • • • , V n+m -i fn+m-l) 
= 7(^1, • • • , fi_i,7(^, I/j, . . . ,Z/j +m _i),Z/i +m , . . . ,l/ n+m _i) «1 <B> • • • <8> «n+m-l 

= 70" °i £> ^1, • • • , *Vfm-l) «1 ® • ■ • ® 

= a(rt + m - 1) (/i Oj £) (z/i g) «i , . . . , v n+m -i g> u n+m _i) , 

which proves a(n + m — Oj £) = a(n)(fi) Oj a(m)(£). We define ^ : J -> i as follows: for any 
n > 0, /i G P(rt) and V\, . . . , v n G V, 

(13) <^(/i, ui . . . (g v n ) = fj,(tp(v{), (f(v n )) , 

using the notation (J9]). Since by construction <p is an morphism of V— algebras (|10p . we have: 

(14) (p(a{n)(ji)(vi g «i, . . . , v n (g u n ) = m(<p0 / i ® ui), • • • , <£(f n <g 

which proves the uniqueness of <p by induction on the graduation of T . We define: 

% : V — > T 

v 1 — > 1 (g v 

where 1 is the unit in the operad V. It is clear than: 

if o i(v) = (p{\ g> v) 

= 1 (*>(«)) 
= ¥>(«)■ 

Then T satisfies the universal property above, which proves the proposition [2j □ 



3. Operads: an approach by species 

The material presented here is mostly borrowed from [3j. 
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3.1. Categories. — A category C is a collection of objects Obj(C) and the data for all pairs of 
objects (A, B) of a collection of morphisms (or arrows) from A to B, which verify the axioms of a 
category |18j . 

Example 2. - 1. Category of finite sets: objects are finite sets and arrows are the bijections. 
2. Category of vector spaces: objects are the vector spaces and arrows are linear maps. 



3.2. Functors. — A covariant functor J 7 is a "morphism" between two categories C and T>. Specif- 
ically, for every object A of C, J- (A) is an object of T> and for every arrow / of C, F(f) is an arrow 
of T> satisfying: 

F(Id A ) = Id HA) VA€Obj(C) 

-F(g of) = F(g) o F(f) V/, g composable arrows of C 



3.3. Species. — Let C be a symmetric tensor category |18j . A species in the category C 1121 is a 
functor F from the category of finite sets Fi n to C. Thus, a species F provides an object F{A) for 
any finite set A and an isomorphism F v : J- (A) — > F(B) for any bijection ip : A — > B. In particular 
Aut A ~ S n acts on J- (A) if the cardinal of A is equal to n. Let F and Q two species. A morphism of 
species between T and Q is a natural transformation tp : T — > Q. So for any finite sets A and B of 
the same cardinal and any bijection tp from A to B, the following diagram commutes: 



HA) 

i>(A) 



T(B) 

4>{B) 

Q{B) 



3.4. Species composition. — Let I be a finite set. Any equivalence relation R on I induces a 
partition of / into blocks. Let R and R' two equivalence relations on /. We say that R is finer than 
R' and we write R < R 1 if for any x,y E I, xRy implies xR'y. Evidently any block R is contained in 
a block of R' . We denote by £q the category of species in C. The species composition is a bifunctor 
M : £q x £c — * £ c such that for any finite set I, 



(15) (F ® G)(I) = F(I/R) ® (g) G(J), 

R\=i Jei/R 

where the notation R\= I means that R is an equivalence relation on I. Aut I acts on the equivalence 
relations on / and hence on (F M G) (I) . 



Remark 3. — The order on the different J G I/R is not specified in writing the tensor product in 
the right-hand side of Equation (|15p . The passage of a chosen sequence to another is an isomorphism 
given by the repeated use of flips tab ■ A ® B — > B (8) A. 



Proposition 4- 



The product E3 defined above is associative. 
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Proof. — Let I be a finite set, F, G and H € £c, then 

((FMG)MH)(I) = Q)(FMG)(I/R)® (g) H(J) 

r\=i Jei/R 

= 0(0 n(I/R)/S') ® (g) G{K')\ ® (g) H{J) 
r\=i ^s'\=i/r K'e{i/R) /S , ' Jei/R 

= 0(0 m/S) ® (g) G{K/R)\ ® (g) H{J) 
r\=i ^s\=i,r<s Kei/s ' Jei/R 

= F(I/S)® (g) G{K/R)® (g) H{J). 
r<s^i Kei/s Jei/R 

While: 

(F®(G®H))(I) = 0F(//5)0 (g)(GSF)(J) 

5|=/ Jei/s 

= 0F(//5)« (g) ($G(J/R)® (g) il(if) 

= F(I/<S)® (g) G(K/R) ® (g) #(J), 
tf<S|=/ A6//5 J6///J 

Which proves the proposition. In the passage to the last line, we used the fact that giving an equiv- 
alence relation on each block of S is equivalent to considering an equivalence relation R < S on 
/. □ 

Remark 5. — The product M behaves as a tensor product, apart from the fact that F M G 7^ G M F 
in general. The neutral element is the species E such that E({*}) = 1 and E(I) = for any I of 
cardinality greater than 2 or the empty set I. 

Notations : Let I be a finite set and R an equivalence relation on /. We set (F Kl F)(I) R = 
F(I/R) ® ® JU i R F(J) , so that we have: (F M F)(I) = (& R ^j(F B F)(I) R . For an automorphism 
a of I and J block of I/R, the restriction en is a bijection from J onto J. a. We denote by R a the 
equivalence relation on / defined by iRj 4=> o~(i)R° o~(j) and we denote by a the isomorphism of I/R 
onto I/R a deduced from a. 

3.5. Background on operads. — 

Definition 4- — An operad (in the category C) is a monoid in the category £q. Specifically, an operad 
is a species F with a morphism 7 : F M F — > F which is associative, i.e 

7(7 Kl I) =7(7 IE 7). 

The morphism 7 defines for any set I and any equivalence relation R on I: 



(16) lhR : F(I/R) ® (£) F(J) — > F(I). 

Jei/R 

The equivariance resumes in the following commutative diagram: 

F(I/R) ® ® JeI/R F(J) . F (I) 



\(F®F)(I) R 



Jei/R- 

F(a) 



F{I/K>) ® 

^J&I/R^ F ( J ) *" F ( I ) 



lI,R a 
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where (F M F)(a) = F(a) ® <S>j e i/R F ( a \ 



3.6. Partial composition. — For simplicity we can assume that the operad F is augmented i.e: 
F(0) = and F({*}) = 1. We consider on the finite set I' an equivalence relation R such that all blocks 
are singletons but one denoted by J. We set I = I' / R and i = {J} € I, hence /' = I\{i}UJ. We denote 
by Oi the composition: 7 : F{I'/R) ® F(J) -> F(I'), hence 7 : F(I) ® F(J) -4 F(7\{i} U J). Other 
components are left of the form i^({*}) = 1, so do not appear in the tensor product. Associativity is 
expressed by the commutativity of the two following diagrams: 



F(I) ® F(J) ® F(K) 

°i 

F(I\{i}UJ)®F(K) 



F(I) ® F( J\{j} U JT) 
F(/\«UJ\{i}Uif) 



and 



F(J) ® F(J) ® F(J\{t} U J) ® 



F(I)®F(K)®F(J) 
F(I\{l}UK)®F(J) 



°i 



F(I\{i,l}UJUK) 



where r 2 ' 3 = Idpm ® Tp(j\fik)- The first diagram corresponds to the nested associativity while 
the second expresses disjoint associativity. 



4. Two operads of rooted trees: pre-Lie and NAP 

We recall briefly in this section the pre-Lie operad of rooted trees introduced by F. Chapoton and 
M. Livernet in [4j. A kind of simplified version of it is the NAP operad introduced by M. Livernet [13] . 
A rooted tree is a connected graph without loops, one of whose vertices is not departure of any edge; 
this vertex is called the root. Rooted trees are drawn with the root down (see [H],[S|)- For all n > 1, 
a tree of degree n is a tree with n vertices labelled from 1 to n. The set {1, . . . , n} is denoted [n]. We 
note lZT(n) the space of labelled rooted trees of degree n. Let 1ZT = © n>1 TZT(n). We endow 1ZT 
with a structure of operad (see [4]): the action of the symmetric group is natural by permuting the 
labels of the vertices. For a tree T of degree n and for all i E [n], we denote by E(T, i) the set of edges 
of T arriving at vertex i of T. 

4.1. The pre-Lie operad. — We define the partial compositions Oj : 7ZT(n) ® 7ZT(m) — > lZT{n + 
m — 1), as follows: 

(17) To i: S= ]T To{s, 

f:E(T,t)->[m] 

£ 

where To- S is the tree of lZT{n + m — 1) obtained by replacing the vertex i of T by the tree S and 
connecting each edge a in E(T, i) at the vertex /(a) of S. This new tree is labelled as follows: we add 
i — 1 to those of S and m — 1 to those of T that are greater than i + 1. The root of the new tree is 
the root of T if it is different from vertex i, and of S else (see detail in [4]). The unit is the tree with 
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a single vertex. These partial compositions define an operad which is the pre-Lie operad. We define: 
T < S = Y^!i=i {T °i The law <l passes to the quotient by the symmetric groups, according to the 
equivariance axiom. 

Theorem 6. — The space J-pi = (Bn>i TtT{n)j S n equipped with the bilinear map < defined above 
is a right pre-Lie algebra, this theorem is true for any augmented operad O i.e : such that dimOi = 1 
[3]: namely To ■= J~o(V), with the notation of Definition^ is a right pre-Lie algebra. 

Remark 7. — The partial compositions defined above give rise to two right pre-Lie structures < and 
4— on J- pl 0]; the fi rs t acting on the second by derivation [19] . The pre-Lie structure <— is defined 
by: 

T 

(18) 5 = 7(© ,T,S), 

called the grafting S on T and we have the following derivation relation: 

(19) (T <- S) < U = (T < U) <r- S + T <- (S < U) V 5, T, U G J> L . 

4.2. The NAP operad. — We define |13] the partial compositions Oj : lZT{n) ® 1ZT(m) — > 
1ZT(n + m — 1), as follows: 

(20) To t S = To{° S, 

where T oj° S is the tree of HT(n + m — 1) obtained by replacing the vertex i of T by the tree S 
and connecting each edge a in i?(T, i) at the root of S. The unit is the tree with a single vertex. We 
define: T Q S = J2i=i (T °i The law passes to the quotient by the symmetric groups, according 
to the equivariance axiom. 

Theorem 8. — The space Fnap = © n >i TlT{n)/S n equipped with the bilinear map defined above 
is a right pre-Lie algebra. 

Remark 9. — The partial compositions defined above also gives rise to a right NAP structure „/ on 
J~nap- The NAP structure ^/ is defined by: 



(21) T ) /S = j(m ,T,S), 

called the (right) Butcher product ofT and S, and we have the following derivation relation: 

(22) (T ^ S) U = (T U) y/ S + T J (S U) V S, T, U G T NAP . 



5. The notion of multigraded operad 

This section defines the notion of multigraded operad. The model of which is the operad Endop(V) 
where V is a graded vector space. Multigraded operads are closely related to colored operads, except 
that a semi-group structure on the set of colors is taken into account. 
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5.1. General definition. — Let O = © n>1 O n be an operad. We say that O has a structure of 
multigraded operad, if moreover O n = \\ O n)air „ ian , aj G N* where: 

— The right action of the symmetric group is verifies: 

( 23 ) (O n , ai ,...,a n )-o- = O n>aCT(1)i ... >aCT(n) V a G S n . 

— For any n, m G N*, we have: 

(24) Oj : O n ,ai,...,a n ® ®m,bi,...,b m — ^ Cm+n— l,oi,...,aj_i,6i,...,b m ,ai + i,...,a rt ; 

with have image zero if SjLi &j 7^ a i- 

5.2. Example: the multigraded operad Endop(V) for a graded vector space V. — Let 

V = ©j> o y?' be a graded vector space. Let Endop(V)(n) be the space of homogenous degree zero 
morphisms from V® n to V, i.e: 

Endop(V)(n) = £ (V® n ,V) 

I] £{v ai ®...®v an ,v ai+ ... +c j. 

a\,...,a n ,n>l 

Thus, for any a G £o(^® n ) V) and for any a±, . . . ,a n G N, we define a aij ... )an by: 

f aai,...,a„(wi ® • • • ®v n ) = a(y\ . . . v n ) if Vj G V a . V j G {1, . . . , n} 
j =0 else. 

The partial compositions Oj satisfy: 

(25) (a o, /3) Cl ,... jCn+m _ 1 = « Clr ,,_ li(E ;+ r i Cj ), C!+mi .., iCm+ „_ 1 °i ^,... )Ci+ro _ i; 
and therefore 

(26) aai,...,a„ Oj /3 6l ,...,& m = 0, 
except perhaps if a, = YllLi bj- Thus: 

Theorem 10. — EndopiV) is a multigraded operad in the sense of paragraph 1 5. 1\ 

6. The multigraded operad O x 
Definition 5. - - We define trees with weights on their vertices: © , © , © , . . . . 



<? f f Q® 

Example 3. - © , © , © , © , © , © , © , © are the trees with 
weight less or equal to 3. 

For a iree T, we define the weight oj T by: 

(27) \T\= Y, H, 

where v{T) denotes the set of vertices ofT, and \v\ is the weight of v. 

We draw trees with labels and numbers on their vertices, each number refers to the weight of the 
vertex. 
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Definition 6. — We define the potential energy of a tree by: 
(28) d(T)= ]T \v\h(v), 

v£v(T) 

where h{v) is the height of v in T, i.e. the distance from v to the root of T counting the number of 
edges. 

Let A be an element of the field K. For any n € N*, let 0\ the vector space spanned by the 
trees with n vertices of any weight. Let O x = © n>1 0^. For all S 6 0\ and any vertex v of S, 
E(S, v) denotes the set of edges of S arriving at the vertex v of S. Let T € O^, we define the partial 
compositions by: 



S °v,x T 



:£(S»-H>(T) 

otherwise, 



X d(SolT)-d(Soi°T) So f Tsi j r . 



where S o( T is the element of O x +m _ 1 obtained by replacing the vertex v by S and connecting each 
edge of E(S,v) to its image by / in v(T). Here /o is the map from E(S,v) to v(T) that sends each 
edge a of E(S, v) to the root of T. The tree S o{,° T has, therefore the smallest potontial energy in the 
above sum. Unity is given by: 



n>l 



where © is the tree with one single vertex of weight n. The action of the symmetric group S n on 
O x is given by permutation of the labels. 




Example 4. — For S = 0< a l ) and T 

which are of weight 1,2 or 3. We have: 



AM) 



)( e ' 1 ) . There letters a,b,c... are labels of vertices, 



S o h A T 




c 

d 



(e,2) 



c 
d 



e 
h 



)(c,2) 

yM) 



+A 




(d,l) 



(e, 1) 

2 i)( a , 

C 



e 



+A 3 




c 
r/ 



h 
h 



Theorem 11. — the partial compositions defined above on O x yield a structure of multigraded operad 
as defined in the previous paragraph. 
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Proof. - — Nested associativity: show (S o vX T) o wX U = S o vX (T o w>x U) where v is a vertex of 
S and w a vertex of T. 

Let S,T,U £ O x , v be a vertex of S and w be a vertex of T such that \T\ = \v\ and \U\ = \w\. 
We have: 

(So v>x T)o w>x U = X d{SolT) - d{s4 ° T HSof v T)o w , x U 

f:E(S,v)^v(T) 

_ ^ X d(SolT)-d(Sot°T)+d((SolT)oiU)-d((SolT)o g w °U)( S Q f rj^ Q 9 jj 

f:E(S,v)-M3(T) g:E(SolT,w)^v(U) 

E E A A (So/T)o^C7, 

f:E(S,v)-¥v(T) g;E(So f v T,w)^v(U) 

where 4 = d(5 o£ T) - d(5 o£° T) + d((S 4 T) o 9 w U) - d((S 4 T) of? U) . Similarly we have: 
S o v>x (T o w , x U) = E X^U)-d(To^u )s Qv x {T oi v) 

g:E(T,w):-¥v(U) 

= ^ E \d{Toiu)-d{To 3 VU)+d(Soi(Toi,U))-d{Sol°(Toiu)) 

f:E(S,v)-H)(TolU9-E(T,w)->v(U) 

E E X B Sof(Tolu). 

g:E(T,w)^v(U) f:E(S,v)^v(Tolu) 

In order to show (5 T) o w>x U = S o v X (T o w X U), we have to prove the following lemma: 

Lemma 12. — there is a natural bijection (f,g) 1 — > (f,g) such that 

(29) (Sof v T)ol U = S4(T4, U). 

Proof. — Let v be a vertex of S and w be a vertex of T such that \T\ = \v\ and \U\ = \w\. 
Let / : E(S,v) — > v(T) and g : E(S o[ T,w) — > v(U) us choose two applications. We look for 
g : E(T, w) -> u(17) and / : E(S, v) -4 u(T ojj, f/) = u(T) U u(*7)\{«;} such that the equation (J22D 
is checked. 

Let e be an edge of T arriving at w, thus e is an edge of S o v T arriving at w. We set g(e) = g(e). 
Similarly we define / in a unique way: 

/ : E(S,v) — > V(T of, {/) = u(T) U v(T)\{w} 

' f(e) if /(e) + w 



/(e) 



9(e) i/ /(e) = w 



Conversely, we assume that we have the pair (/, g) and look for the pair (/, g) such that equation 
AMD is verified. We have / : E(S,v) -4 v(T) U v{U)\{w} and g : E(T,w) -4 u(C7). We then 
define: 

/ : E(S,v) — ► u(T) 

f /(e) »7 /(e) g t/(tf) 



/(e) 



w if /(e) G «(17) 

□ 



To show (S o v X T) o w X U = S o v X (T o W)X U), it remains to show the equality A = B. We set 
A' = A + d((S ol° T) o»° U), B' = B + d(5 o£ J (T of? [/)) and e(/) = d(5 o£ T) - d(S o£° T). We 
have: 

(30) e(/)= E Kf{e)).\B e l 

e£E{S,v) 
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where /i(/(e)) is the distance between /(e) and the root of T in the new tree S o( T and \B e \ is 
the weight of the branch to e. Similarly: 

d{(SofT)oftU)-d{(Sof°T)oftU) = h U\z))\ B e\ 

e£E(S,v) 
= <f), 

Here go is not involved because it was connected to the root of U, so A' = d((S ol T) U) . By 
the same calculation is shown B' = d(S o{, (T of, [/)). So by Lemma [T2l we have A' = B' that 
is to say A + d((S o(° T) og° U) = B + d(S o[° (T of U)) , which proves that A = B because by 
Lemma M we have d((S o f v ° T) og? U) = d(S o£° (T of? U)). 

Disjoint associativity: let v,w be two disjoint vertices of S such that \v\ = \T\ and \w\ = \U\, 
show that: 



(S °v,x T) o U)>A U = (S o wX U) o vX T. 



We have 



o v , x T)o w>xU = £ X d{S ° lT) - d{Soi ° T) (SofT)o WtX U 

f:E(S,v)^v(T) 

Y \Kf)+d((So(T)o^u)~d((So(T)ol°u)^ s Q f T j D 9 jj 

f:E(S,v)^v(T) g-E(So f v T,w)^v(U) 

E E \ C (Sof v T)oi U, 

f:E(S,v)^v(T) g-E(So f v T,w)^v(U) 

where k(f) = d{S o f v T) - d{S o f v ° T) and C = k(f) + d((so[ T) o 9 w U)-d((S o f v T) og° u) . Similarly 
we find: 

(So WjX U)o v>x T= E E X D (SolU)o[,T, 

g:E(S,w)^v(U) f:E{Solu,v)^v(T) 

where D = d(S of, U) - d{S of U) + d((S of U) 4 T) - d({S of, U) o(° T). We set k(g) = 
d(S ofu U) — d(S off? U). To prove (f3T|) . we introduce the following lemma: 

Lemma 13. — We have a natural bijection (f,g) i — > (f,g) such that 

(SofT) oS wU = (Soi U) ofT. 

Proof. — Let / : E(S,v) — > v(T) and g : E(S o( T,w) — > v(U) are given maps. We look for 
g : E(S, w) — > v(U) and / : E(S o 9 w U, v) — > v(T) such that the Equation ([32]) is verified. Let g 
be the restriction of g on the edges e from 5 and f = f because E(S ofu U, v) = E(S, v) because 
the vertices v and w are disjoint. □ 

Thus to show disjoint associativity, it remains to show that for any pair (/, g) and (/,<?) we 
have C = D.We set C = C + d((S o(° T) og? U) and D' = D + d((S of!' U) o[° T) . We have: 

Hf)= E h (f(e))\ B e\, 

eeE(S,v) 

Similarly we have: 

d{(S of T) o% U) - d{(S ofo T) o% U) = k(f), 
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because we changed the vertex w by a tree of the same weight, and go were grafted onto the root, 
which proves C = d((S a S v T) o 9 w U). So D' = d({S of, U) o£ T). By Lemma M again, C = D' 
and C = D, which proves disjoint associativity. 
The partial compositions defined on O x hence verify the axioms of an multigraded operad. □ 

Remark 14- — The multigraded operad O x modulo the forgetting of the graduation can be identified 
to: 

- The pre-Lie operad [4] if X = 1. 

- The NAP- operad if X = 0. 

Let O = ©„> On the multigraded operad. We have O n = IL^i On,»i,...,!„- for k G N. We have: 

0\ = {(t, fj,), where t is a labeled tree with n vertices and \i = (//i, . . . , fi n ) G N*™}, 

where p» encodes the weight of the vertices. We denote by Opl the pre-Lie operad of labeled rooted 
trees [4]. We set: 

i : PL — > O 1 

where no(i) denoted the number of vertices of the tree t. We denote by i n the restriction of i to Opl,u- 
It is clear that for all n G N*, 

in '■ OpL,n > 0\ 

Theorem 15. — i is a morphism of operads. 

Proof. — Let S be a tree with n labeled vertices and T be a tree with m labeled vertices. Let v be a 
vertex of S 1 . Show: 

(33) i(S o v T) = i(S) o v>1 i(T). 
Proving Equation (|33p is equivalent to show 

^ (5o„T,t) = £ (S,a)o v>1 (T,§) 

= E tesKi E ( T '£)- 

a€N*™ /3eN* m / |/3| = |i'| 

Let / : E(S, v) — > v(T) and 7 = (71, ... , 7„+ m -i) G N* n+m_1 , thus we can identify 7 to 

(34) {7^, u> vertex of S of T}. 
As we have: 

(35) v(Sof v T) = v(S)\{v}Uv(T), 
we set: 

§_ = {Pw = lw, w G u(T)}, 
and 

a = {a^ = Tu,, to G a„ = E M- 

w£v(T) 

Thus for each choice of / and 7, there exist a and /3 unique such that: 

(36) (SofT, 1 ) = (S,a)of(T,P). 
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Thus 

(37) £(So/T,7)= (S,a)of v>l (T,P). 

1 a,p/\a v \ = \p\ 

As a result 

i(5o/T) = Yl (3,0)4,1 E ( T >£) 

a€N«" /3eN* m 

= i(S)ol A i(T) 
Then summing over different possible connections /, we find: 

(38) i(S o v T) = i(S) o^i i{T), 

which proves the theorem. □ 
If ° nap denoted the partial composition for the NAP operad, we similarly prove that: 

j : NA p — »• O 

t i — > S m6 n*" 6 (*) (*'/f) 

is an morphism of operads i.e. 

(39) j(S o NAPyV T) = J(S) o 0:V j(T), 
for any pair of trees S, T and any vertex v of S. 

7. Deformed NAP algebra 
Definition 7. — Let A E K. We define the grafting operator ", for any S,T G O x by: 

(40) T<- X S = ( O^Uo^T) Ot0)A 5. 
is c/ear i/ien i/icrf: 

(41) T<- X S = Y X^ h ^T<- v S, 

v£v(T) 

where T <— v S is the tree obtained by grafting S on the vertex v ofT, h(v) is the height of v in T and 
\S\ is the weight of S. 

Theorem 16. — For any S,T,U € O x , we have: 

(42) {U 4 \ T)<- X S- X^U < \ (T < x S) = (U < x S)<- X T- X^U 4 x (S <- x T). 
Proof. — We have: 

(U <—\ T) 4—\ S = Yl E X lslh(v)+mh{w) (U <- w T) <- v S 

= E E Al s l^)+l T l^ (U <- w T) <- v S) 

w£v(U) vev(T-> w U) 

= E E Al 5 l^) + I T ^ (U <- w T) <- v S 

w£v(U) v€v(U) 

+ E E Al 5 ^)+fcW+i)+l?>W U <- w (T <- v S). 

w<=v(U) v£v(T) 
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Similarly: 

U a (T •<— a S) = ]T E XWW+F^WM U ^ w (T ^ v S) 
vev(T) wev(u) 

= E E Al 5 l^) +/l H)+mM-) u^ w (T^ v S). 

v£v{T) w£v(U) 

Thus: 

(43) {U^xT)^xS-X^U^x(T^ x S)= ^ A |5| ^ )+|T|h(u,) (f/ <-„, T) <-„ 5. 

In Equation (|43p . there is a symmetry in the terms 5" and T because w, v are two vertices of U. As a 
result we prove Theorem 1161 □ 

7.1. Definitions for multigraded operads. — 

Definition 8. — Let V and Q two multigraded operads. A morphism of multigraded operads is a 
morphism of operads a , wich moreover verifies: 

( 44 ) o(n) : V nM ,...,k n — > 2n,fci,...,fc„, 
for any n G N* and ki , . . . , k n G N* . 

Definition 9. — Ze£ V be a multigraded operad and V = © n> o V n be a graded vector space. We say 
that V is a graded V -algebra, if there is a morphism of multigraded operads 

a : V — > Endop(V). Let (V, a) and (W,b) be two graded V -algebras. Let <f> : (V, a) — ¥ (W,b) be a 
linear homogenous map of degree zero. <fi is called morphism of graded V -algebras if for any \i G 
P(n), vi, . . . ,v n G V, 

4>(fi{vi, . . .,«„)) = fi(<p(vi), . . . ,4>(v n )). 

We define the free graded V -algebra JF-p(V) on V by the following universal property: there exists 
i : V — > J--p(V) such that for any graded V '-algebra A and any linear map of degree zero <p : V — > A 
there exists an unique morphism of graded V -algebras <p : J--p{V) — >• A such that 

ipoi = ip. 

We set T = n>o Krife 1 ,...,fe n >o PW,fci,...,fcJ <8> v ki ® • • • ® V kn J /S n - By the same work as in section 
1, we show that J- is the free graded P-algebra over V . 
Special case: if for any n G N*, dimF n = 1 then: 

W) = II TnM,-,kJSn 
n>0 fei,...,fc n >0 

= ©w 

n>0 

Remark 17. — The deformed pre- Lie algebra (jF@\,<— \) is: 

- A right pre-Lie algebra if A = 1 [TH], [I] [2D]. 

- A right NAP algebra if X = [13]. 

More precisely the morphisms of operads i and j defined above pass to the quotient by the action of 
the symmetric group. So we have a morphism of pre-Lie algebras 

i : J- pl — > J~@i and a morphism of NAP algebras j : J- nap J~o°- ^ n addition i is the unique 
morphism of pre-Lie algebras such that i(.) = 2^ n> o ® ■ Similarly j is the unique morphism of 
NAP algebras such that j(.) = ^n>o ® 
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7.2. The multigraded operad VC\. — A pre-Lie algebra is an algebra over some binary quadratic 
operad. Similarly a deformed pre-Lie algebra in the above sense is a graded algebra over an multigraded 
operad VCy. Let T be the free multigraded operad spanned by the space F{2) = \\ k />0 J~2,k,l- A 
basis of T(n) is a vector space endowed with a product and parentheses on n variables indexed by 
fci, ... , k n . For example a basis of J 7 (2) is given by (x k yi) and (yix k ) for any k, I > 0. A basis of T(3) 
is {{xkyi)zm) , (xk(yiz m )) and their permutations. Let r be the sub-module of ^(3) spanned by: 

{{x k yi)z m ) - X m (x k (yiZm)) - {(x k z m )yi) + X l (x k (z m yi)). 

Let (R) be the ideal spanned by r. We denote VL\ = T j(K). The following theorem is the analogue 
of Theorem 1.9 of F. Chapoton and M. Livernet [4]. 

Theorem 18. — The operad VL\ is isomorphic to the multigraded operad O x defined on the rooted 
trees. 

Change of notations: in the following section, we denote by the product "•<— a" 

Proof. — We adapt the proof of Theorem 1.9 of [4]. We define a morphism of operad <fi : VL\ — > O x 
and we will show that <f> is an isomorphism. Since VC\ = T/(R), it suffices to define (f) on VC\{2) = 
J- (2) in O x (2) and then extend (j) on J- by the universal property of free operad, and to show that (f> 

0(y,l) 0(x,k) 

vanishes on (R). We define (j){x k yi) = O' 1 '^ and 4>{yix k ) = Q>^- 1 ) . We check: 



4>({( x kyi)z m ) ~ X m {x k (yiz m )) - ((x k z m )yi) + X l (x k (z m yi))) 

= 4>{xkyi) *x <j>(z m ) - \ m 4>{x k ) * A 4>{yiz m ) - 4>{x k z m ) * A <t>{yi) + X l 4>(x k ) * x 4>( z myi) 
= o, 

hence <j>(X) = for any X € r. The morphism <j> hence vanishes on {R). 
Let / a finite set formed by labels. We consider maps: 

k : I — > N* 
a i — > k a 

Working with the species, consider fa : V£\(I) -> O x (I). seek : O x (I) -> VC\(I) such that: 

o = id 

ipj o <frj = id 

We have VC\{T) = \[VC x {I)k and O x {I) = Y\O x {I) k . We look for fa ik : VC x (I) k -> C A (/)fc. Show 
the result by induction on the cardinal of I. 

- If I = {x}, for any I G N* we set 0<- x <V ) = x x . 

— Let n > 0, we assume that the property is true for any finite set / of cardinality less than or 
equal to n. Let / be a set of cardinality n + 1. Let T be a rooted tree labeled by / (the weight 
of vertices are determined by k : I — > N*). Let x be the index of the root of T and I = k(x) its 
weight. Modulo the permutation of the branches, T is written in a unique way: 

(45) T = B[x,T 1 ,...,T P ] = 

where for any i 6 {l,...,p}, Tj is a tree labeled by a sub-set Jj of I. We define the map tpj by 
induction on the valence of the root: 
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• If p = 1, then T = B[x,T{\ = O j > * A T\ hence tpi(T) = (a?jVi(2i)). 

• If p > 1. We have: 



T = B[x,Tt,...,T p 



v 



= B[x, T 2 , . . . , T p ] * x Ti - A^l ^ T 2 , . . . ,Tj * A T lt . . . , T p ]. 

3=2 

Thus 

p 

^(T) = {MB[x, T 2 , . . . , T p ])MTi)) ~ A |Tl1 ^ ^(B[x, T 2 , . . . , 2) * A T u . . . , T p }) . 

3=2 

It remains to show that i/ji(T) does not depend on permutation of the branches Tj for any 
i € {1, . . . ,p}. We have: 

p 

B[x, T 2 , . . . , T p ] * A Ti - Al Tl l ^ T 2 , . . . , Tj * A 2\, . . . , T p ] 

3=2 

(b[x,T 3 , . . . ,T P ]* A T 2 - \W^B[x,T 3) . . . ,T k * x T 2 , . . . ,T p ] ) * A 2\ 

V k=3 J 



-X^B[x, T 2 * X T X ,T 3 ,..., T p ] - X™ J2B[x, T 2 , . . . , Tj * A 2\, . . . , T p ] 

3=3 

P 

(B[x, T 3 , . . . , T p ] * A T 2 ) * A Ti - A^l ( B [x, T 3, • • • , T k * A T 2 , . . . , T p ]) * A T x 

k=3 

-A |Tl1 (b[x, T 3 , . . . , Tp] * A (T 2 * A Ti) + Al T2 ^ Tl l J2 B & T 3< • • • > T 3 *a (T 2 * A 21), . . . , T p ] 

p p 
-A^l B[x, T 3 , . . . , Tj * A T x , . . . , T p ] * A T 2 + X™ + ™ ^ B[x, t 3 ,..., (Tj * A Ti) * X T 2 ,..., T p ] 

3=3 3=3 
P P 

+A |Ti|+|T 2 |^ B[x,T 3 ,...,(T j * x T 1 ),...,(T h * x T 2 ),...,T p ]. 

j=3 k=3,k^j 
Let then: 

A l2 = ((MB\x,T 3 , . . . ,T p ])MT2))MTi)) ~ A |Tl1 {^l(B[x, T 3 , . . . ,r p ])(V/(T 2 )V/(Ti))). 

Let A 2 i the same term with T\ and T 2 permuted. We have A\ 2 — A 2 \ G (it!). It is clear 
that for any j € {3, . . . ,p}, 

= ^(^(B^n, ...,Tj* x T 2 , . . . ,T p ])MTi)) + X lTll {^i(B[x,T 3 , . . . ,T 3 * A T x , . . . ,T P ])^(T 2 )) 

Similarly El,j=3,k^ C l2 = J2lj^3,k^j C S> where: 

= MB[x, T 3 ,..., (Tj * A Ti), . . . , (T K * x T 2 ), T p ]). 
For any j € {3, . . . ,p} we have: 

A |Ti|+|T 2 | ^ T3 , . . . , ( Tj * A Ti)* x T 2 ,..., T p ]) + Al Tl l V/ (B[x, T 3 ,..., Tj * A (T 2 * x Ti),..., T p ]) , 
coincides with D J 21 by Theorem 1161 
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It was shown that ipi(T) does not depend on permutations of the branches T\ and T<i- By induction we 
can show that ipi(T) does not depend on the order of the branches T\ and Tj for any j £ {2, . . . ,p}. 
Similarly we prove that ipi(T) does not depend on the order of the branches Tj and T\~ for any 
k, j G {1, . . . ,p} with j ^ k. Hence the uniqueness of ipj(T). □ 
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